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Flammability Limits and Probability Density Functions
in Simulated Solid-Fuel Ramjet Combustors

Tong-Miin Liou,* Wan-Yih Lien,† and Po-Wen Hwang‡
National Tsing Hua University, Hsinchu, Taiwan 30043, Republic of China

A numerical analysis was performed to study turbulent reacting � ows in solid-fuel ramjet combustors.
The time-dependent axisymmetric compressible conservation equations were solved with a subgrid-scale
turbulence model. The combustion process considered was a one-step, irreversible, and in� nitely fast
chemical reaction. The numerical code used the � nite volume technique, which involved alternating in
time the second-order, explicit MacCormack’s and modi� ed Godunov’s schemes. Computed temperature
pro� les are compared with existing experimental data and the previous calculations, incorporating the
k-e turbulence model and two-layer near-wall treatment. The superiority of the present predictions is
demonstrated. Flammability limits in solid-fuel ramjet combustors have been determined using the char-
acteristic exhaust velocity. Moreover, a compact correlation relating the minimum step height to the
combustor diameter, air mass � ow rate, and equivalence ratio for sustained combustion is provided for
practical design reference. Probability density function (PDF) pro� les of temperature and mixture fraction
are also analyzed to understand the thermal structure of turbulent � ames, and to provide information
for examining the applicability of the conserved-scalar approach incorporated PDF models to turbulent-
reacting � ows.

Nomenclature
A t = throat area
Cp = speci� c heat at constant pressure, kJ/(kg ?K)
ck = model constant
cs = Smagorinsky constant
c * = characteristic exhaust velocity, m/s
D = combustor diameter, m
DP = near-wall damping function
F = convective � ux vector in x direction of

Navier– Stokes equations
F/O = fuel air ratio
f = mixture fraction, (j 2 j a)/(j fu 2 j a)
G = spatial � lter function
G = convective � ux vector in y direction of

Navier– Stokes equations
g = � ow variable
H = total enthalpy, kJ/kg

0H fu = heat of reaction, kJ/kg
h = step height, m
k s = turbulence kinetic energy of the subgrid scales, m2/s2

L = combustor length, m
mÇ = mass � ow rate, g/s
Na = air� ow rate, g mole/s
p = pressure, N/m2

Q = conservation variables vector of Navier– Stokes
equations

qs = subgrid-scale heat � ux, W/m2

Reh = Reynolds number, ^ & ?h/nũa

Ru = universal gas constant
r = radial coordinate
rÇ = regression rate, mm/s
S = source term
Scs = subgrid-scale Schmidt number
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Si j = (­u i /­x j 1 ­u j /­x i) 2 d i j(­uk/­xk), strain rate1 1– –2 3

tensor
T = temperature, K
t = time coordinate, s
u = velocity in x direction, m/s
u t = , friction velocity, m/st /r̄wÏ
u1 = /u tũ
V = reactor volume, l
v = velocity in r direction, m/s
W = molecular weight, kg
x = axial coordinate
Y = mass fraction
y = radial coordinate
y1 = yu t /n, dimensionless distance from walls
G = diffusivity of species, kg/(m ? s)
g = speci� c heats ratio
D = � lter width
d i j = Kronecker delta function
« = dissipation rate of turbulence kinetic energy, m2/s3

z = dummy variable
us = subgrid-scale scalar � ux, kg/(m2? s)
m = dynamic viscosity, kg/(m ? s)
n = kinematic viscosity, m/s2

ns = subgrid kinematic viscosity, m/s2

j = variable of conserved property
r = density, kg/m3

t = viscous shear stress, N/m2

ts = subgrid-scale shear stress, N/m2

tw = shear stress at wall, N/m2

f = equivalence ratio, (F/O)/(F/O)st
c = stream function
V = � ow domain

Subscripts
a = air
c = chamber
e = chamber exit
fu = fuel
i = species
max = maximum
min = minimum
re = reattachment
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Fig. 1 Schematic illustration of � ow pattern and boundary conditions in a solid-fuel combustion chamber.

sr = stirred reactor
st = stoichiometric condition

Superscripts
9 = subgrid component
0 = mass-weighted subgrid component
- = temporally � uctuating value of variables

¯ = spatially � ltered quantity

˜ = mass-weighted spatially � ltered quantity
^ & = time-averaged quantity

Introduction

T HE solid-fuel ramjet (SFRJ), a design that comprises the
high performance of a conventional liquid-fuel ramjet and

the simplicity of a solid propellant rocket motor, offers signif-
icant advantages when cost, simplicity, and performance are
considered. The present work focuses on the study of turbulent
reacting � ows in an SFRJ combustor. The SFRJ combustor
(Fig. 1) is basically a cylindrical grain with the coaxial incom-
ing air � owing through the fuel port. Sudden expansion of the
incoming air generates a separated recirculation zone neces-
sary for � ame stabilization. Immediately downstream of the
recirculation region, a diffusion � ame between the fuel gasi-
� cation products and the air is established within the devel-
oping turbulent boundary layer.

A number of investigations have described the � ow and
combustion processes in an SFRJ combustor. Researchers at
the U.S. Naval Postgraduate School have carried out both nu-
merical1,2 and experimental3– 6 work. A joint research program
has been conducted both numerically7,8 and experimentally9 at
the Delft University of Technology and the Prins Maurits Lab-
oratory in The Netherlands. Researchers at the Technion in
Israel10– 13 and at the German Aerospace Research Establish-
ment in Germany14,15 have been focusing on experimental
work. The previously mentioned experimental work mainly
studied the reattachment length, fuel regression rate, and � ame
stabilization in SFRJ combustors.

A detailed discussion of the aforementioned numerical sim-
ulations has been given16 and will not be repeated here. Ba-
sically, these previous computations adopted two-equation type
turbulence models, and a standard or modi� ed wall function

for the near-wall treatment. However, whether the wall func-
tion can be applied to the � ow� eld in an SFRJ combustor
remains an open question because there exists a recirculation
zone behind the inlet step and mass addition through the fuel
surface. The results calculated by Vos8 showed that the wall
function works satisfactorily for only relatively small fuel
blowing velocities ( # 0.05 m/s), and used by Elands7˜ ˜v vfu fu

was limited within 0.1 m/s; whereas the range of of anṽ fu

actual SFRJ is approximately 0.1 – 0.5 m/s (Ref. 14). Conse-
quently, there is a need to develop other numerical methods
that can simulate the turbulent reacting � ow� elds in an SFRJ
combustor for a higher range. In addition, all the previousṽ fu

numerical simulations employ a steady-state formulation,
while the � ow and combustion processes in an SFRJ combus-
tor are highly time dependent. Liou et al.16 attempted to solve
the time-dependent, axisymmetric compressible conservation
equations directly without subgrid-scale turbulence models,
and demonstrated the applicability of their numerical method
to the study of turbulent nonreacting and reacting � ows in an
SFRJ combustor for 0.1 # # 0.8 m/s. The present workṽ fu

extends the calculations to include subgrid-scale (SGS) tur-
bulence models and to attain the following goals: 1) to further
verify our computational code in terms of a comparison of
calculated temperature pro� les with those measured by Schulte
et al.15 in an SFRJ combustor; 2) to determine the � ammability
limits of an SFRJ combustor; and 3) to correlate a compact
relation among the minimum step height, air mass � ow rate,
and equivalence ratio for design reference.

Governing Equations and Numerical Algorithm
In the current simulations, the � ow variables are decom-

posed into a large-scale (or resolved) part that can be solved
explicitly, and a SGS part that is modeled with a SGS model.
The � ltering operation

ḡ(x) = G (x 2 z )g(z ) dz (1)DE
V

where G is a � lter function of volume averaging,17 decomposes
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a variable g into a large-scale component ḡ and a SGS com-
ponent g9, which accounts for the scales not resolved by D:

g = ḡ 1 g9 (2)

A mass-weighted � lter that simpli� es the mathematical ex-
pressions for compressible � ow simulations is de� ned by

g̃ = rg/r̄ (3)

This implies a second decomposition of g:

˜g = g 1 g 0 (4)

The pyrolizing solid fuel is simulated by gaseous ethylene
(C2H4), radially injected through a porous wall,15,18 and the
chemical reaction is assumed to be in� nitely fast and one step;
hence, the combustion process is limited by the mixing of fuel
and airstreams. Under the assumption of diffusion-� ame, no
external heat additions, and body forces, the � ltered forms of
compressible mass, momentum, and mixture fraction equations
with the Smagorinsky SGS eddy viscosity model,19 in two-
dimensional axisymmetric coordinates, can be respectively
written as

­r̄ ­ 1 ­
˜ ˜1 (r̄u ) 1 (rr̄v ) = 0 (5)

­t ­x r ­r

­ ­
˜ ˜ ˜(r̄u ) 1 (r̄uu 2 t̄ 2 t )xx sx x­t ­x

1 ­
˜ ˜1 [r( r̄uv 2 t̄ 2 t )] = 0 (6)xr sxrr ­r

­ ­
˜ ˜ ˜(r̄v ) 1 (r̄vu 2 t̄ 2 t )rx srx­t ­x

1 ­
˜ ˜1 [r( r̄vv 2 t̄ 2 t )]rr srrr ­r

1 2
˜1 2p̄ 2 m= ?V 1 2mv /r = 0 (7)F S D Gr 3

˜ ˜­r̄ f ­ ­f˜˜1 r̄u f 2 G 2 usS Dx­t ­x ­x

˜1 ­ ­f˜˜1 r r̄v f 2 G 2 u = 0 (8)sF S DGyr ­r ­r

where viscous stresses ti j are de� ned as

­u 1 ­u ­v v
t = 2p 1 2m 2 1 1xx F S DG­x 3 ­x ­r r

­v 1 ­u ­v v
t = 2p 1 2m 2 1 1rr F S DG­r 3 ­x ­r r

­u ­v
t = t = m 1xr rx S D­r ­x

The terms and are the SGS stresses and scalar � uxes,t us si j j

respectively, and can be modeled as

˜ ˜ ˜ ˜­u 1 ­u ­v v 2;˜ ˜t = r̄(uu 2 uu) = 2r̄n 2 1 1 2 r̄ks s sF S DGx x ­x 3 ­x ­r r 3

˜ ˜ ˜ ˜­v 1 ­u ­v v 2;˜ ˜t = r̄(vv 2 vv) = 2r̄n 2 1 1 2 r̄ks s sF S DGyy ­y 3 ­x ­r r 3

˜ ˜­u ­v;˜ ˜t = t = r̄(uv 2 uv) = r̄n 1s s s S Dxy yx ­r ­x

˜r̄n ­ fs;˜ ˜u = r̄( f u 2 f u) =sx Sc ­xs

˜r̄n ­ fs;˜ ˜u = r̄( f v 2 fv) =sy Sc ­rs

where ns and k s, prescribed by the Smagorinsky model, are

1/2
˜­u i2 2 2˜n = (c D D) 2S k = n /(c D)s s p ij s s kS D­x j

cs(=0.15) (Ref. 20) and ck(=0.094) are model constants, D is
the average size of the computational cell, and DP is (Ref. 21)
expressed as

1 3 3D = 1 2 exp[2(y ) /25 ]P

Equations (5) – (8) can be put into the following general form:

­Q ­F 1 ­ S
1 1 (r G ) 1 = 0 (9)

­t ­x r ­r r

f is de� ned as

f = (j 2 j )/(j 2 j ) (10)a fu a

where the variable j represents any conserved property free
from sources and sinks. For an adiabatic � ow, the total en-
thalpy can be directly obtained by

˜H = H 1 f (H 2 H ) (11)a fu a

without solving the energy equation. H is de� ned as

T̃

10 2 2˜ ˜ ˜ ˜ ˜H = Y H 1 Y C dT 1 (u 1 v ) (12)fu fu i pO E i 2˜i T0

Once , together with , , and , are solved from the govern-˜ ˜ ˜f r̄ u v
ing equations [Eqs. (5) – (8)], can be obtained from Eq. (10),Ỹi

and the temperature can be directly calculated from Eqs. (11)
and (12). Finally, the equation of state determines the pressure
from the temperature, density, and species mass fractions:

n

˜ ˜p̄ = r̄R T Y /W (13)u i iO
i=1

The values of heat of reaction, speci� c heat, and molecular
weights of gaseous ethylene are based on the data of Vanka et
al.22 The numerical code uses the � nite volume technique that
involves alternating in time the second-order, explicit Mac-
Cormack’s and modi� ed Godunov’s schemes. A reduction in
phase error can be achieved by temporal switching of these
two schemes, since MacCormack’s scheme has a lagging phase
error and Godunov’s scheme has a leading phase error.23 A
detailed description of the numerical algorithm, boundary, and
initial conditions is available in Liou et al.16

Results and Discussion
Grid Independence and Code Validation

Before comparing the computed results with the experi-
mental data, grid independence is � rst investigated by check-
ing the mean effective reattachment length (xre) (Ref. 16) and
temperature distribution. The time-averaging is performed by
^ & = d t/T, where T = 0.015 s. Four sets of uniform grids,T˜ ˜g * g0
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Fig. 3 Time-averaged characteristic exhaust velocity as a func-
tion of mÇ a for various .ṽ fu

Fig. 2 Comparison of computed time-averaged radial tempera-
ture pro� les with previous predictions and measured data at three
axial locations.

Table 1 Experimental conditions used
for specifying initial conditions

in the calculations

Xre validation18 T pro� les validation15

h = 0.015 m h = 0.015 m
h/D = 0.25 h/D = 0.25
L = 0.3 m L = 0.3 m

= 162 m/sũa = 78.67 m/sũa

Reh = 7.2 3 104 Reh = 1.5734 3 104

= 0.1 m/sṽfu rÇ = 0.257 mm/s
= 300 KT̃a = 473 KT̃a

= 800 KT̃fu = 800 KT̃fu

= 0.231Ỹ02
= 0.21Ỹ02

= 0.769ỸN2
= 0.79ỸN2

= 0.25Ỹfu = 0.35Ỹfu

p̄c = 4.2 3 105 N/m2 p̄c = 5.2 3 105 N/m2

102 3 12, 202 3 22, 302 3 32, and 402 3 42 (x 3 y), are
examined, and the grid independence is attained for grid sizes
of 302 3 32 and 402 3 42. The deviations in xre calculated
from these two grid systems are only 0.85 and 0.92%, for the
nonreacting and reacting � ows, respectively; the deviations of
the mean temperature along the radial coordinate at x /D = 0.6,
1.7, and 5 are all less than 1%. Consequently, the results pre-
sented next are based on the 302 3 32 grid system.

The experimental conditions of Boaz18 and Schulte et al.15

(Table 1), are used as an initial input of the present calculations
for code validation. A comparison of x re/D vs h/D between the
calculations using the present method, Elands’s computations,7

and Boaz’s measurements,18 for both nonreacting and reacting
� ows, has been reported by Liou et al.16 The computed results
of Liou et al.16 achieve a practical improvement in predicting
x re. A further comparison for the radial mean temperature pro-
� les at three axial locations, x /D = 0.6 (in the recirculation
zone), x /D = 1.7 (near xre), and x /D = 5 (downstream of x re),
is depicted in Fig. 2. In Fig. 2, the measurements were made
by Schulte et al.,15 and the results of Elands et al.24 were ob-
tained using the k-« turbulence model with a two-layer near-
wall treatment and turbulent diffusion � ame model. It is no-
ticed that the computed temperature pro� les of Elands et al.24

in the recirculation zone is not available, possibly because of

the inadequacy of the k-« turbulence model with wall functions
in this region. Again, a signi� cant improvement is gained in
predicting the peak mean temperature, especially at x /D = 1.7
and 5.

The streamwise evolution of mean temperature distribution
in an SFRJ combustor can also be understood from Fig. 2.
Immediately downstream of the � ameholder step, a rapid in-
crease of the air inlet temperature from 473 K (2007C) to a
maximum temperature of 1873 K (16007C) occurs at x /D =
0.6 in the separated shear layer, where the air and fuel mixing
is most vigorous. As the � ow proceeds further downstream,
the peak temperature moves toward the porous wall because
of the shear layer’s curving down; the more uniform radial
temperature distribution across the recirculation zone at x /D =
1.7 suggests that the separated recirculating zone plays the
� ame-holding role. The two previously mentioned pro� les re-
veal that the combustion process takes place mainly in the
shear layer between the axial incoming air � ow and the recir-
culation zone. In contrast, the pro� le downstream of the recir-
culation zone, x /D = 5, indicates that the maximum tempera-
ture occurs close to the fuel-injection wall. At x /D = 5, the
core � ow temperatures for the prediction are slightly low in
comparison to the experiments of Schulte et al.15 This is at-
tributable to a prediction of � ame front closer to the fuel-
injection wall (Fig. 2), which results in a reduction of heat
transfer to the core � ow and, in turn, a lower core � ow tem-
perature prediction.

From the previous discussion, the present calculated results
are in reasonably good agreement with the measured mean
effective reattachment length and temperature distribution.
This fact lends reasonable con� dence to the following analy-
ses.

Flammability Limits

The characteristic exhaust velocity c* has frequently been
used in measuring the merit of combustion chamber properties,
and can be expressed as follows:

0.5˜(gR^T &)c
c* = ^ p̄ &A /mÇ = (14)c t e (g1 1)/(g 21) 0.5g{[2/(g 1 1)] }

c * is easily determined from measured mÇ e, ^ p̄c&, and A t, or
from hot combustion gas properties (g, R, and ^ &). c *, cal-T̃c

culated from Eq. (14), is generally in good agreement with the
actual experimental value and has been used in design calcu-
lations.25 Figure 3 shows the computed c * as a function of mÇ a

for various and � xed value of h/D = 0.25. It can be seenṽ fu

that along a line of constant , there is a steep descent inṽ fu

c *, implying a dramatic drop in combustion ef� ciency as mÇ a

exceeds a critical value. From Fig. 3, c* = 775 m/s, which is
close to the experimental value c* = 800 m/s of Elands et al.,26

can be considered as the � ammability limit in the present
study. The region above c * = 775 m/s is de� ned here as a
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Fig. 7 Radial variations of instantaneous temperature PDF pro-
� les for mÇ a = 450 g/s, = 0.21 m/s, and h/D = 0.25: a) in theṽ fu

recirculation zone (x /D = 0.5), b) near the reattachment point
(x /D = 2), and c) downstream of the reattachment point (x /D =
3.5).

Fig. 6 Correlation of the time-averaged minimum step height to
combustor diameter, air mass � ow rate, and equivalence ratio for
sustaining combustion.

Fig. 5 Time-averaged mean recirculation zone (c = 0) and � ame
sheet (^ ) for various mÇ a, with = 0.21 m/s and h/D =˜ ˜ ˜f & = ^ f & vst fu

0.25.

Fig. 4 Time-averaged mean temperature distributions for non-
sustained and sustained combustion, with = 0.21 m/s and h/Dṽ fu

= 0.25.

sustained combustion, whereas the region below c * = 775 m/s
is a nonsustained combustion.

Figure 4 compares the mean temperature distributions of
nonsustained and sustained combustion for = 0.21 m/s andṽ fu

h/D = 0.25. The high-temperature zone is found only to prevail
very near the backward-facing step for the case of nonsus-
tained combustion (in mass � ow rate mÇ a = 500 g/s in Fig. 3),
which is insuf� cient to support a � ame-holding condition and,
therefore, produces a low value of c * in Fig. 3. For the case
of sustained combustion (mÇ a = 450 g/s in Fig. 3), there exists
a much larger high-temperature zone behind the step as com-
pared with the nonsustained combustion case, which provides
a good � ame-holding condition.

To further understand the main difference between nonsus-
tained and sustained combustion, it is instructive to examine
from Fig. 5 how the mean recirculation zone (c = 0) size and
� ame sheet ( ) location vary with mÇ a for = 0.21˜˜ ˜^ f & = ^ f & vst fu

m/s and h/D = 0.25. For the nonsustained combustion of mÇ a

$ 500 g/s in Fig. 3, the wall-injected fuel � ow cannot pene-
trate into the recirculation zone, and the mean � ame sheet thus
appears only in a narrow region near the step corner, a poor
� ame-holding condition. On the contrary, for the sustained
combustion of mÇ a # 450 g/s in Fig. 3, the wall-injected fuel
� ow can penetrate deeper into the airstream, and the mean
� ame sheet is therefore located at a larger distance from the
fuel surface. In addition, the recirculation zone size for the
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Fig. 8 Radial variations of instantaneous mixture fraction PDF pro� les for mÇ a = 450 g/s, = 0.21 m/s, and h/D = 0.25: a) in theṽ fu

recirculation zone (x /D = 0.5), b) near the reattachment point (x /D = 2), c) downstream of the reattachment point (x /D = 3.5), and d)
beta function.

sustained combustion is found to be relatively larger, compared
with that for the nonsustained combustion. Moreover, for the
sustained combustion, Fig. 5 shows that the mean � ame sheet
is fully involved in the recirculation zone and even located
above the recirculation zone in the region near the inlet step,
a mechanism generating a larger high-temperature zone behind
the inlet step and providing a good � ame-holding condition.

Flame stabilization in an SFRJ is often achieved by forming
a backward-facing step at the grain inlet. To achieve sustained
combustion, a stable high-temperature recirculation zone is re-
quired, as described earlier. The backward-facing step height
must be large enough to form the required size of a recircu-
lation zone for a given mÇ a and f in the combustion chamber.
However, it is desirable from both pressure loss and fuel load-
ing standpoints that a minimum step height for sustained com-
bustion can be used. This kind of information is plotted in Fig.
6, which shows the minimum value of h/D for a given mÇ a and
f to achieve sustained combustion. The curves in Fig. 6 can
be further correlated into a single equation:

0.5 2 2.7h /D = 0.0047(mÇ ) f (15)min a

The differences between the computed results shown in Fig.
6 and Eq. (15) are less than 0.05%. The operating range of
250 # mÇ a # 600 g/s in Fig. 6 is based on the air Mach number
into an SFRJ combustor, generally in the range of 0.2 – 0.4.
Equation (15), therefore, offers a valuable reference in design-
ing the � ame-stabilizer geometry of an SFRJ combustor.

It is desirable to have experimental data reported by other
researchers to verify the suitability of Eq. (15). Among the
literature surveyed in the Introduction, only Elands et al.26 in-
vestigated the relation between the step height and the � am-

mability limit; three step heights (h = 8, 10, and 12 mm) were
examined. Elands et al.26 computational and experimental re-
sults of � ammability limits showed an agreement only for the
h = 10 mm case. In addition, they provide most detailed in-
formation for this case. The validation of Eq. (15) is thus per-
formed for this case. Substituting Elands et al.26 investigating
conditions (rÇ = 0.22, F = 0.73, and mÇ a = 380) into Eq. (15),
one obtains hmin = 9.6 mm, which is close to h = 10 mm. The
applicability of Eq. (15) is thus reasonably demonstrated.

Analysis of Probability Density Functions
A detailed description of the scalar � elds, such as the prob-

ability density function (PDF) pro� les of temperature and mix-
ture fraction � uctuations, can afford an effective means to un-
derstand the thermal structure of turbulent � ames. In addition,
a crucial element for turbulent closure of the time-averaged
� ow equations in many predictive models is the PDF of one
or more scalar properties. Generation of the moments of both
the property and any function is quite straightforward, once
their PDFs have been prescribed.

Temperature PDF

Figure 7 shows the radial variations of temperature PDF
pro� les at three axial locations for mÇ a = 450 g/s, = 0.21ṽ fu

m/s, and h/D = 0.25. For the temperature PDF pro� les at x /D
= 0.5 in the recirculation zone (Fig. 7a), it is found that the
PDFs in the unburned zone [r/(D/2) < 0.5] have peaks at inlet
air temperature with a long tail to the high-temperature side,
and can be regarded essentially as Delta functions. Moving radi-
ally to the fuel surface, the probability of low temperature
decreases, whereas that of high temperature increases. At
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r/(D/2) = 0.78, the probability of the unburned gas temperature
is found to closely approximate that of the burned gas tem-
perature, showing a well-de� ned bimodal shape27 and sug-
gesting the presence of the thermal structure of wrinkled lam-
inar � ame in the recirculation zone of an SFRJ combustor.
However, unlike the turbulent premixed � ame in which the
bimodal PDFs are dominated by two near-delta functions at
essentially two � xed temperatures corresponding to those of
the unburned mixture and burned gas, the modal temperatures
shown in Fig. 7a evolve signi� cantly with position in the tur-
bulent � ame brush. The peak probability of high temperature,
in turn, becomes dominant and � nally collapses to a narrow
spike as the fuel surface is approached. Near the reattachment
point (x /D = 2), the bimodal shape of temperature PDF pro� les
is not found and the peak probability of high temperature only
appears near the fuel surface (Fig. 7b). In the downstream
region of the recirculation zone (x /D = 3.5) (Fig. 7c), the well-
de� ned bimodal shape of temperature PDF pro� les is not ap-
parent; however, the peak probability of high temperature is
found to be more apparent than that at x /D = 2.

An examination of the mean � ame sheet location may be
helpful to gain physical insight into the feature of the temper-
ature PDF distribution discussed earlier. As shown in Fig. 5,
for mÇ a = 450 g/s, the mean � ame sheet penetrates into the
recirculation zone around x /D = 0.5 – 0.7, and the � uids recir-
culation results in a considerable high probability of the burned
gas in the region of 0.5 # r/(D/2) # 1 (Fig. 7a). At x /D = 2,
the combustion process prevails close to the fuel surface, since
the core � ow curves downward near the reattachment point,
which illustrates why the probability of high temperature is
limited to near the fuel surface (Fig. 7b). At x /D = 3.5 the
mean � ame sheet redevelops and is located at a slightly larger
distance from the fuel surface; therefore, the high-temperature
burned gas moves slightly upward toward the core region (Fig.
7c).

Mixture Fraction PDF

A solution for the mean and other moments of thermochem-
ical properties, by the conserved scalar approach in a turbulent
reacting � ow, requires knowledge of that scalar’s PDF. In gen-
eral, the form of the PDF will depend on the � ow conditions
and will be coupled with the chemical heat release. This de-
pendence might severely limit the application of the con-
served-scalar approach to turbulent reacting � ows. Figure 8
shows the radial variations of mixture fraction PDF pro� les
for the same axial locations discussed earlier. A preliminary
observation from Fig. 8 shows that the functional form of the
PDF varies from point-to-point throughout the � ow� eld. For
example, in the recirculation zone (Fig. 8a), the mixture frac-
tion PDF is a delta function at the centerline of the combustor.
Moving toward the fuel surface, the mixture fraction PDF pro-
� les reveal the form of beta functions. Near the fuel surface
[r/(D/2) = 0.95], a Gaussian-like distribution prevails and the
mean fuel fraction is overstoichiometric; and this is responsible
for the falling temperature depicted in Fig. 2 as the wall is
approached. Near the reattachment point (Fig. 8b), the form
of beta functions prevails, except for the centerline region. In
the downstream region of the reattachment point (Fig. 8c), beta
functions still prevail and a pseudo-Gaussian distribution is
found at r/(D/2) = 0.95. The functional forms of the mixture
fraction PDF are proposed from the present results as beta
functions, which will be appropriate for the majority of � ow-
� eld in an SFRJ combustor, except for the region near the
centerline and fuel surface.

Conclusions
Turbulent reacting � ows in an axisymmetric, coaxial sud-

den-expansion combustion chamber, with gaseous C2H4 radi-
ally injected through the porous wall, have been simulated nu-
merically for a practical range of fuel blowing velocity
encountered in solid-fuel ramjet combustors. A comparison of

the present computations with the measured results and pre-
vious calculations, incorporating turbulence models and wall
functions or two-layer near-wall treatment, demonstrates that
the present method achieves a signi� cant improvement in pre-
dicting the mean effective reattachment lengths and tempera-
ture distribution. The � ammability limit has been determined
as the minimum value of the characteristic exhaust velocities
attaining sustained combustion, and is equal to 775 m/s. The
relationship among the minimum ratio of the step height to
combustor diameter, air mass � ow rate, and equivalence ratio,
has been correlated as hmin/D = 0.0047(mÇ a)

0.5f 2 2.7, for sus-
tained combustion over the practical operating range of air
mass � ow rate, 250 # mÇ a # 600 g/s, in solid-fuel ramjet com-
bustors, which provides a useful reference for the practical
design of a solid-fuel ramjet combustor. Furthermore, PDF
pro� les of temperature and mixture fraction in a SFRJ com-
bustor has been analyzed for the � rst time. Temperature PDF
pro� les with bimodal shapes, a phenomenon corresponding to
the wrinkled laminar � ame model, are observed in the recir-
culation zone of a SFRJ combustor. For applying the con-
served-scalar approach with PDF models to turbulent reacting
� ows in a SFRJ combustor, the form of beta functions for the
mixture fraction PDF is proposed from the present results for
the majority of the � ow� eld.
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